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of the Parts, and to order in what Dire&ion and how 
much is neceffary to be done. 
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III. The Continuation of An Account of a Trea- 
tife of Fluxions, ^. Book IL by Colin M c 
Laurin, IProf. Mathem. Edinburgh. F. R. S. * 

Tnfentedmxch t ^ t h e firft Book, the Author defcribed 
10, I742 * 3 ' Jl the Method of Fluxions, and its Ap- 
plication to Problems of different Kinds, without 
making ufe of any particular Signs or Chara&ers, by 
geometrical Demonftrations, that its Evidence might 
appear in the moft fimple and plain Form. In the 
fecond Book, he treats of the Method of Computa- 
tion, or the Algebraic Part 5 to the Facility, Concife- 
nefs, and great Extent of which, the Improvements 
that have been made by this Method are in great 
meafure to be afcribed. In order to obtain thofe 
Advantages, it was neceffary to admit various Sym- 
bols into the Algebra ; But the Number and Compli- 
cation of thofe Signs muft occafion fome Obfcurity 
in this Art, unlefs Care be taken to define their 
Ufe and Import clearly, with the Nature of the 
feveral Operations. An Example of this is given by 
an IUuftration of one of the firft Rules in Algebra. 
As it is the Nature of Quantity to be capable of Aug- 
mentation and Diminution, fo Addition and Sub- 
ftradlion are the primary Operations in the Sciences 
that treat of it. The pofitive Sign implies an Incre- 
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ment, or a Quantity to be added. The negative Sign 
implies a Decrement, or Quantity to be lubftra&ed : 
And thefe ferve to keep in our View what Elements 
enter into the Compofuion of Quantities, and in 
which manner, whether as Increments or Decre- 
ments. It is the fame thing to fubftraft a Decrement 
as to add an equal Increment. As the Multiplication 
of a Quantity by a pofitive Number implies a repeated 
Addition of the Quantity, fo the Multiplication by a 
negative Number implies a repeated Subftra&ion : 
And hence to multiply a negative Quantity, or De- 
crement, by a negative Number, is to fubftradt the 
Decrement as often as there are Units in this Num- 
ber, and therefore is equivalent to adding the equal 
Increment the fame Number of Times; or, when a 
negative Quantity is multipled by a negative Number, 
the Produft is pofitive. When we inquire into the 
Proportion of Lines in Geometry, we have no regard 
to their Pofition or Form 5 and there is no ground 
for imagining any other Proportion betwixt a pofitive 
and negative Quantity . in Algebra, or betwixt an 
Increment and a Decrement, than that of the abfolute 
Quantities or Numbers themfelves. The Algebraic 
Expreffions, however, are chiefly ufeful, as they ferve 
to reprefent the Effeds of the Operations ; and fuch 
Expreffions are not to be fuppofed equal that involve 
equal Quantities, unlefs the Operations denoted by 
the Signs are the fame, or have the fame EfFeft. Nor 
is fuch Expreffion to be fupp ofed to reprefent a cer- 
tain Quantity 5 for if the V~~-i Should be faid to 
reprefent a certain Quantity, it muft be allowed to be 
imaginary, and yet to have a real Square ; a way of 
fpeaking which it is better to avoid. It denotes only, 
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that an Operation is fuppofcd to be performed on the 
Quantity that is under the radical Sign. The Ope- 
ration is indeed in this Cafe imaginary, or cannot 
fucceed 5 but the Quantity that is under the radical 
Sign, is not lefs real on that Account. The Author 
mentions thofe things briefly, becaufe they belong 
rather to a Trcatife of Algebra than of Fluxions, 
wherein the common Algebra is admitted. 

In order to avoid the frequent Repetition of figu- 
rative Expreffions in the Algebraic Part, the Fluxions 
of Quantities are here defined to be any Meafures of 
their refpe&ive Rates of Increafe or Decreafe, while 
they are fuppofed to vary (or flow) together. Thefe 
may be determined by comparing the Velocities of 
Points that always defcribe Lines proportional to the 
Quantities, as in the Firft Bookj but they may be 
likewife determined, without having recourfe to 
fuch Suppofitions, by a juft Reafoning from the 
fimultaneous Increments or Decrements themfelves. 
While the Quantity A increafes by Differences equal 
to a, zA increafes by Differences equal to 2^, and 

(fuppofing m and n to be invariable) — increafes by- 
Differences equal to — , and therefore at a greater or 

lefs Rate than a y in proportion as m is greater or lefs 
than n. Thus a Quantity may be always afligned 
that fhall increafe at a greater or lefs Rate than A % 
(z. e. fhall have its Fluxion greater or lefs than the 
Fluxion of A) in any Proportion ; and a Scale of 
Fluxions may be eafily conceived, by which the Flu- 
xions of any other Quantities of the fame kind may 
be meafured. 

Let 
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Let B be any other Quanrity whofe relation to A 
can be expreffed by any Algebraic Form; and while 
A inereaies by equal fucceffive Differences, fuppofe 
B to increaie by Differences that are always varying, 
la this Cafe, B cannot be fuppofed to increafe at any 
one conftantRate; but it is evident, that if B increafe 
by Differences that are always greater than the equal 

fucceffive Differences by which — increafes at the 
fame time, then B cannot be faid to increafe at a lefs 

Rate than — - s or if the Fluxion of A be reprefented 

71 
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by a> the Fluxion of B cannot be lefs than — • And 
if the fucceffive Differences of B be always lefs than 
thofc of m —j then furely B cannot be faid to in- 
creafe at a greater Rate than _ $ or the Fluxion of 
B cannot be faid to be greater in this Cafe than — * 

**"^ 7m 

From thofe Principles the primary Propofitions in 
the Method of Fluxions, and the Rules of the direft 
Method, with the fundamental Rules of the inverfc 
Method, are demonftrated. We muft be brief in our 
Account of the Remainder of this Book. The Rule 
for finding the Fluxion of a Power is not deduced, 
as ufually, from the Binomial Theorem, but from 
one that admits of a much eafier Demonftration from 
the firft Algebraic Elements, <viz. That when n is 
any integer pofitive Number, if the Terms E rtmm,1 9 
£--%p 9 E n ~*F\ E n ~*F\ . . . . /^(wherein the In* 
dex of E conftantly decreafes, and that of F increafes 
by the fame Difference Unit) be multiplied by 
£•— F, the Sum of the Products is E tt — • F n $ from 
which it is obvious, that when £ is greater than F, 

then 
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then E n <-~* F n is le fs than nE"~ J xE—*F but greater 

than»F"- x xB — # 

The Ruels are fometimes propofed in a Form 
fome what different from the ufual manner of defcribe- 
ing them, with a View to facilitate the Computa- 
tions both in the dired and inverfe Method. Thus, 
when a Fraction is propofed, and the Numerator and 
Denominator are refolved into any Factors, it is 
demonftrated, that the Fluxion of the Fradion divided 
by the Fradion is equal to the Sum of the Quotient*, 
when the Fluxion of each Fador of the Numerator 
is divided by the Fador itfclf, diminifhed by the Quo- 
tients that arife by dividing in like manner the Flu- 
xion of each Fador of the Denominator by the 
Fador. 

The Notation of Fluxions is defcribed in Chap. 2. 
with the Rules of the dired Method, and the funda- 
mental Rules of the inverfe Method. The latter are 
comprehended in Seven Propofitions, Six of which 
relate to Fluents that are affignable in finite Algebraic 
Terms, and the Seventh to fuch as are afligncd by 
infinite Series. It is in this Place the Author treats 
of the Binomial and Multinomial Theorems (becaufe 
of their Ufe on this Occafion), and they are in- 
veftigated by the dired Method of Fluxions. The 
fame Method is applied for demonstrating other 
Theorems, by which an Ordinate of a Figure being 
given, and its Fluxions determined, any other Or- 
dinate and Area of the Figure may be computed. 
The moft ufeful Examples are defcribed in this Chap- 
ter, by computing the Series's that ferve for deter- 
mining the Arc from its Sine or Tangent, and the 
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Logarithm from its Number, and converfely the Sine, 
Tangent, or Secant, from the Arc, and the Number 
from its Logarithm. 

The invcrfc Method is profecuted farther in the 
Third Chapter, by reducing Fluents to others of a 
more fimpie Form, when they are not aflignable by 
a finite Number of Algebraic Terms. When a 
Fluent can be afllgned by the Quadrature of the 
Conic Sedions, (and confequently by circular Arcs or 
Logarithms) this is confidered as the fecond Degree 
of Refolution; and this Subjeft is treated at Length. 
An Illuftration is premifed of the Analogy betwixt 
Elliptic and Hyperbolic Sedtors formed by Rays 
drawn from the Centres of the Figures: The Pro- 
perties of the latter are fometimes more eafily dis- 
covered becaufe of their Relation to Logarithms, and 
lead us in a brief manner to the analogous Properties 
of Elliptic Seftors, and particularly to fome general 
Theorems concerning the Multiplication and Divi- 
iion of circular Sectors or Arcs. When Two Points 
are aflumed in an Hyperbola, and alfo in an Ellipfis, 
fo that the Sectors terminated by the Semi-axis ; and 
the Two Semi-diameters, belonging to thofe Points, 
are in the fame given Ratio in both Figures, then the 
Relation betwixt the Semi-axis and the Two Ordinates 
drawn from thofe Points to the other Axis, is always 
defined by the fame, or by a fimilar Equation in both 
Figures. This Proportion ferves for demonftrating 
Mr. Cotes's celebrated Theorem, as it is extended by 
M. *De Moivre, by which a Binomial or Trinomial 
is refolved into its quadratic Divifors, and various 
Fluents are reduced to circular Arcs and Logarithms. 
The Demonftrations arc alfo rendred more eafy of 

the 



the Theorems concerning the Refolution of a Fra&ion, 
that has a multinomial Denominator, into Fractions 
that have the fimple or quadratic Divifors of the Mul- 
tinomial for their feverai Divifors. Thcfe Demon- 
ftrations are derived from the Method of Fluxions 
itfelf, without any foreign Aid j or invariable Coeffi* 
cients are determined by fuppofing the variable Quan- 
tity or its Fluxions to vanifh. 

When a Fluent cannot be affigned by the Arcs of 
Conic Se&ions, it may however be meafured by their 
Arcs in fome Cafes; and this may be confidered as 
the Third Degree of Refolution, or the Fluents may 
be called of the Third Order, On this Occafion fome 
Fluents are found to depend on the Re&ification of 
the Hyperbola andEllipfis, which have been formerly 
efteemed of an higher kind. The Conftrudion of 
the elaftic Curve, with its Re&ification, and the Mea- 
fure of the Time of Defcent in an Arch of a Circle, 
are derived from Hyperbolic and Elliptic Arcs; and 
the Fluents of this kind are compared with thofe of 
theFirft or Second Order by infinite Series. Becaufe 
there are Fluents of higher kinds than thefe, the Tra- 
jectories above-mentioned, which are defcribed by a 
centripetal Force, that is, as fome Power of the Di- 
ftance from a given Centre, when the Velocity of 
the Proje&ion is that which would be acquired by 
an infinite Defcent, or by fuch a centrifugal Force, and 
the Velocity is fuch as would be acquired by flying 
from the Centre, are employed for reprefenting them 
A fimple Conftru&ion of thefe Traje&ories had beea 
given above, by drawing Rays from the Centre to a 
Right Line given in Pofition, increafing or diminifh- 
ing the Logarithms of thofe Rays always in a given 
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Rath, and increafing or diminifhing the Angles con- 
tained by them and the Perpendicular in the fame 
Ratio. From any Figure of this kind a Series of 
Figures is derived by determining the Interfe&ions of 
the Taftgcnts of the Figure with the Perpendiculars 
from the Centre, Every Series of this kind gives 
Two diftinft fort of Fluents ; and any one Fluent 
being given, all the other Fluent* taken alternately 
from it in the Series depend upon it, or are mea- 
fured by it 5 but it docs not appear, that the Fluents 
of one fort can be compared with thofe of the other 
fort, or with thofe of any different Series of this 
kind. 

The inverfe Method is profecuted farther in the 
4th Chapter, by various Theorems concerning the 
Area when the Ordinate is expreffed by a Fluent, or 
when the Ordinate and Bafe are both expreffed by 
Fluents. The Firft is the Xlth Propofition of Sir 
Ifaac Newtons Treatife of Quadratures. In Art. 
819, &20, &c. the Author fuppofes the Ordinate 
and Bafe to be both expreffed by Fluents, and fhews, 
in many Cafes, that the Area may be affigned by the 
Piodui't of Two ftmple Fluents, as of Two circular 
Arcs, or of a circular Arc and a Logarithm. This 
Subject defcrves to be profecuted, becaufe the Refo- 
lution of Problems is rendered more accurate and 
fimple, by reducing Fluents to the Produfts of Flu- 
ents already known, than by having immediately 
rtcourfe to infinite Series. One of the Examples in 
Art. 822. may be eafily applied for demonftrating, 
that the Sum of the Fra&ions which have Unit for 
their common Numerator, and the Squares of the 
Numbers 1, 2, 3> 4? 5; 6 } &c. in their natural Order, 

for 



[ 4 11 ] 

for their fucceffive Denominators, is One-Hxth Part of 
the Number, which expreffes the Ratio of the Square 
of the Periphery of a Circle to the Square of its Dia- 
meter; which is deduced by Mr. Euler, Comment. 
< Petrof>ho/.Torr\. 7. in a different manner ; and other 
Theorems of this kind may be demonftrated from 
the fame or like Principles. 

The Series that is deduced by the ufual Methods 
for computing the Area or Fluent, converge in fome 
Cafes at fo flow a Rate, as to be of little or no Ufe 
without fome farther Artifice. For Example: The 
Sum of the firft Thoufand Terms of Lord Brounkefs 
Series for the Logarithm of 2, is deficient in the 
fifth Decimal. In order therefore to render the Ac- 
count of the inverfe Method more complete, the 
Author fhews how this may be remedied, in many 
Cafes, by Theorems derived from the Method of 
Fluxions itfelf, which likewife ferve for approxi- 
mating readily to the Values of Progreffions, and for 
refolving Problems that are commonly referred to 
other Methods. Thofc Theorems had been defcribed 
in the Firft Book, Art. 352, &c. but the Demonftra- 
tion and Examples were referred to this Place, as 
requiring a good deal of Computation. The Bale 
being fuppofed equal to Unit, and its Fluxion alfo 
equal to Unit, let half the Sum of the extreme Or- 
dinates be reprefentcd by a, the Difference of the 
firft Fluxions of thefe Ordinates by b y the Difference 
of their Third, Fifth, Seventh and higher alternate 
Fluxions by r, d> e, &c. then the Area fhall be equal 

t0 *-k+£o-^+7^o-*<- which is the firft 

Theorem for finding the Area. The reft remaining, 

let 
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let a now reprefent the middle Ordinate, and the Area 

fhallbe equal a+ Zf — l Ji — ~ — ** 7 f +, ^ 

1 24 5760 ■ 967680 154.828800 

And this is the Theorem which the Author makes 

mod Ufe of. When the feveral intermediate Or- 

dinates reprefent the Terms of a Progreflion, the 

Area is computed from their Sum, or converfely their 

Sum is derived from the Area, by Theorems that eafily 

flow from thefe. 

Thefe general Theorems are afterwards applied for 
finding the Sums of the Powers of any Terms in 
Arithmetical progreflion, whether the Exponents of 
the Powersbe Pofitivc or Negative, and for finding 
the Sums of their Logarithm, and thereby determin- 
ing the Ratio of the Uncia of the middle Term of a 
Binomial of a very high Power to the Sum of all the 
Uncia. This laft Problem was celebrated amongft 
Mathematicians fome Years ago, and by endeavouring 
to refolve it by the Method of Fluxions the Author 
found thofe Theorems, which give the fame Con- 
clufions that are derived from other Methods. They 
are likewife applied for computing Areas nearly from 
a few equidiftant Ordinates, and for interpolating 
the intermediate Terms of a Series, when the Na- 
ture of the Figure can be determined, whofe Ordi- 
nates are as the Differences of the Terms. 

In the laft Chapter, the general Rules, derived 
from the Method of Fluxions for the Refolution of 
Problems, are defcribed and illuftrated by Examples* 
After the common Theorems concerning Tangents, 
the Rules for determining the greateft and leaft Or- 
dinates, with the Points of contrary Flexure, and the 
Precautions that are necefiary to render them accurate 

and 
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and general, (which were defcribed above) are again 
demonstrated. Next follow the Algebraic Rules for 
finding the Centre of Curvature, and determining 
the Cauftics by Reflexion and Refra&ion, and the 
centripetal Forces. The Conftru&ion of the Tra- 
je&ory is given, which is defcribed by a Force that is 
inversely as the Fifth Power of the Diftance from the 
Centre, becaufe this Conftruttion requires Hyper- 
bolic and Elliptic Arcs, and becaufe a remarkable 
Circumftance takes place in this Cafe, (and indeed in 
an Infinity of other Cafes) which could not obtain 
in thofe that have been already conftrufted by others, 
viz. That a Body may continually defcend in a fpiral 
Line towards the Centre, and yet never approach fo 
near to it as to defcend to a Circle of a certain Radius* 
and a Body may recede for ever from the Centre, 
and yet never arife to a certain finite Altitude. The 
Conftruftion of the Cafes wherein this obtains is per- 
formed by Logarithms or Hyperbolic Areas, the 
Angles defcribed about the Centre being always pro- 
portional to the Hyperbolic Seftors, while the Di- 
fiances from the Centre are direftly or inverfely as 
the Tangents of the Hyperbola at its Vertex. The 
Circle is an Afymptote to the Spiral ; and this can 
never be, unlefs the Velocities requisite to carry 
Bodies in Circles increafe while theDiftances decreafe, 
(or decreafe while the Diftances increafe) in a higher 
Proportion than the Velocity in the Traje&ory ; that 
is, unlefs the Force be inverfely as a higher Power 
of the Diftance than the Cube. Next follow The- 
orems for computing the Time of Dcfcent in any Arc 
of a Curve, for finding the Refiftance and Denfity of 
the Medium when the Trajectory and centripetal 

Force 
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Force are given, and for defining the Catenarian 
and Line of fwiftcft Defcent in any Hypothecs of 
Gravity. 

Then the ufual Rules are derived from the inverfe 
Method for computing the Area, the Solid generated 
by it, the Arc of the Curve, and the Surface dc- 
fcribed by it revolving about a given Axis. The 
meridional Parts in a Sphere, and any Spheroid, are 
determined with the fame Accuracy, and almoft equal 
Facility. The Attraction of a Spheroid at the Equator, 
as well as at the Poles, is determined in a more 
general manner than in the Firft Book, or in a Piece 
of the Authors publifhed at *Paris in 1740. which 
obtained a Part of the Prize propofed by the Royal 
Academy of Sciences for that Year. Several Mecha- 
nical Problems are refolved, concerning the Propor- 
tion the Power ought to bear to the Weight, that the 
Engine may produce the greateft Effed in a given. 
Time; and concerning the moft advantageous Pofi- 
tion of a Plane which moves parallel to itfelf, that a 
Stream of Air or Water may impel it with the greateft 
Force, having regard to the Velocity which the Plane 
may have already acquired. On this Occafion, it is 
fhewn, that the Wind ought to ftrike the Sails of a 
Wind-mill in a greater Angle than that of 54 44', 
againft what has been deduced from the fame Prin- 
ciples by a learned Author. The fame Theory is applied 
to the Motion of Ships, abftra&ing from the Lee- way, 
but having regard to the Velocity of the Ship 5 and 
amongft other Concluftoos it appears, that the Velocity 
of a Veffelof one Sail may be greater with a Side-wind, 
than when ihe fails dire&ly before the Wind 5 which, 
perhaps, may be the Cafe of thofe feca by Captain 
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c Darnpter in the Ladrone IJlands, that failed at the 
Rate of 1 2 Miles in half an Hour with a Side-wind. 

The Remainder of this Chapter is employed in 
reducing Equations from fecond to firft Fluxions > 
conftru&ing the elaftic Curve by the Rectification of 
the equilateral Hyperbola 5 determining the Vibra- 
tions of Muftcal Chords; refolving Problems con* 
cerning the Maxima and Minima^ that are propofed 
with Limitations, relating to the Perimeter of the 
Figure, its Area, the Solid generated by this Area, &c. 
with Examples of this kind concerning the Solid of 
lead Refiftance 5 and concludes with an Inftance of 
the Theorems by which the Value of the Ordinate 
may be determined from the Value of the Area, by 
common Algebra, and by obferving, that it is not 
abfolute, but relative Space and Motion, that is fup- 
pofed in the Method of Fluxions. 
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